ON THE MOTIVIC SPECTRAL SEQUENCE 



GRIGORY GARKUSHA AND IVAN PANIN 

ABSTRACT. It is shown that the Grayson motivic spectral sequence is isomorphic to the motivic 
spectral sequence produced by the Voevodsky slice tower for the motivic A"-theory spectrum 
KGL. This solves Suslin's problem for these two spectral sequences in the affirmative. To 
prove this, one has to solve the Voevodsky problem for slices of KGL. The latter problem was 
first solved by Levine 1 15 1 by using the coniveau tower, but our methods are entirely different 
from (B). 



1. Introduction 

One of the more significant developments in algebraic ^-theory in the 1990-s/early 2000-s 
was the construction of an algebraic analogue for the Atiyah-Hirzebruch spectral sequence. It 
is a strongly convergent spectral sequence 

£f=fl^(jr,z)=^i_„(20 

that relates the motivic cohomology groups of a smooth variety to its algebraic ^-groups. The 
existence of this spectral sequence was first conjectured by Beilinson [TJ. It is also called the 
motivic spectral sequence. Its construction is given in various forms: 

(MSS1) the Bloch-Lichtenbaum motivic spectral sequence [2] for the spectrum of a field to- 
gether with the Friedlander-Suslin and Levine extensions HUTU to the global case for 
a smooth variety over a field; 

(MSS2) the Grayson motivic spectral sequence ff0ll2"0ll27l l5l: 

(MSS3) the Voevodsky motivic spectral sequence (51 p. 171] produced by the slice filtration of 
the motivic i^-theory spectrum KGL E41I231 . 

A problem of Suslin says that the three types of the motivic spectral sequences agree with 
each other. In [ 15 ] Levine solved the Voevodsky problem for the slices of the spectrum KGL ll24l 
l25l (over a perfect field). As a consequence he shows that (MSS1) agrees with (MSS3) over 
perfect fields. 

The main goal of this paper is to show that (MSS2) agrees with (MSS3) (over perfect fields), 
answering the Suslin problem in the affirmative for these two spectral sequences. In order to 
achieve this, we give another solution of the Voevodsky problem for the slices of the spec- 
trum KGL (over a perfect field). Our methods for the latter problem are entirely different from 
Levine's 03). 

Throughout the paper we denote by Sm/k the category of smooth separated schemes of finite 
type over the base field k. 
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2. Preliminaries 



In this section we collect basic facts about the /^-theory associated with cubes of additive 
categories. We mostly follow Grayson iflOl . 



2.1. Bivariant additive categories 

Let AddCats denote the category of small additive categories and additive functors. Let Aff Sm/k 
be the full subcategory of Sm/k whose objects are the affme smooth ^-schemes. By a bivariant 
additive category we mean a functor 

srf : (Sm/k) op x AffSm/k ^ AddCats. 

So to any X G Sm/k and Y € AffSm/k we associate an additive category £/(X,Y) which is 
contravariant in X and covariant in Y. We also require that there is an action of AffSm/k on 
in the following sense. Given U £ AffSm/k there is an additive functor 

ocu : £/(X,Y) -> #f(X x U,Y x U), 

functorial in X and Y, such that for any morphism / : U — > V in AffSm/k the following square 
of additive functors is commutative 

■e/flxX/Uyxv) 

^(X x V,y x V) — ^ ^(X x t/,F x V) 



ocv 



£f(X,Y) — ^ £/(X x U,Y x U). 

Below we shall associate an explicitly constructed bispectrum to any bivariant additive cate- 
gory. For this we need to collect some facts about algebraic ^-theory of additive categories. 



2.2. K-theory for cubes of additive categories 

We let [1] denote the ordered set {0 < 1} regarded as a category, and we use e as notation for 
an object of [1]. By an ^-dimensional cube in a category ^ we shall mean a functor from [1]" 
to % 1 . An object C in ^ gives a 0-dimensional cube denoted by [C] , and an arrow C — > C' in 
gives a 1-dimensional cube denoted by [C — > C']. If the category ^ has products, we may define 
an external product of cubes as follows. Given an ^-dimensional cube X and an n' -dimensional 
cube Y in c to, we let X £3 F denote the n+n'-dimensional cube defined by (XMY)(ei, . . . ,£„+„>) = 
X(ei, . ..,£„) x Y(e n+ i,. . .,£ n+n t). Let G^" denote the external product of n copies of [1 — > G m }. 
For example, G^ 2 is the square of schemes 

Spec k G m 



Go? ^~ Gm x G^ . 

In (9j §4] is presented a construction called C which can be applied to a cube of additive 
categories to convert it into a multisimplicial additive category, the i^-theory of which serves as 
the iterated cofiber space/spectrum of the corresponding cube of A'-theory spaces/spectra. 

We let Ord denote the category of finite nonempty ordered sets. For A £ Ord we define a 
category Sub(A) whose objects are the pairs (i,j) with i ^ j S A, and where there is an (unique) 
arrow (i',f) — > (i,j) exactly when i' ^ i 1 ^ j ^ /. Given an additive category si ', we say that a 
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functor M : Sub(A) — > j$ is additive if M(i, i) = for all i G A, and for all i ^ j ^ k G A the map 
M (i, &) — > M (i, /) © M(j,k) is an isomorphism. Here denotes a previously chosen zero object 
of ^t. The set of such additive functors is denoted by Add(Sub(A),^). 
The Grayson simplicial set S®^ 1HQI1 is defined as 

(S®J{) (A) =Add(Sub(A),^f). 

An n-simplex M G S®^ may be thought of as a compatible collection of direct sum diagrams 
M(i,j) =M(i,i+\) © • •• ©M(j- There is a natural map S®Ji ->■ S^f which converts 
each direct sum diagram M(j, k) = M(i, j) @M(j,k) into the short exact sequence — > M(i 7 j) — > 
M(i,k) — > M(j,k) — s> 0. Here SJ{ stands for the Waldhausen S-construction ||26l . 

Given a finite set Q, one can define the |2|-fold iterated S® -construction S®&^% similar to [71 
section 6]. Then the nth space of Grayson's ^-theory spectrum is given by 

K Gr (Jt) n = \OhS®> Q Jt\, 

where Q = {l,...,n}. It is verified similar to EJ section 6] that K Gr {^) is a (semistable) 
symmetric spectrum. 

Given an w-dimensional cube of additive categories we define an rc-fold multisimplicial 
additive category C®^# as a functor from {Ord n )° v to the category of additive categories by 
letting C®Jt{A\ , . . . ,A„) be the set 

Add{[Suh{Ax) -+Sub{{L}Ai)\m---m[Sub(A n ) ^ Sub({L}A n )},^) (1) 

of multi-additive natural transformations. When n = 0, we may identify C®^ with J£ . We 
define S®^£ to be ,S®C®^#, the result of applying the S® -construction of Grayson degreewise. 
It is an n + 1-fold multisimplicial set (see ifTOll for details). Grayson's ^-theory K Gr (C®^) 
of C®^# serves as the iterated cofiber space/spectrum of the corresponding cube of Grayson's 
A'-theory spaces/spectra. 

Lemma 2.1 ([10]). Suppose we are given an additive map — > jtft of n-dimensional cubes 
of additive categories. Let — > jtff\ denote the corresponding n+ l-dimensional cube of 
additive categories. 

(a) There is afibration sequence 

s®[o -> jc\ -> -> ^r] h> s®[^r' ->• o]. 

(b) 77ie space S® \ « contractible. 

(c) S®[0 — > is homotopy equivalent to S® 

(d) S®\Jt -> 0] = S®S®~# ?J ?J a delooping ofS®Ji. 

(f) 77z<?r<? w afibration sequence S® Ji' — > S® -)■ S®\Jt' — > JC\. 

Let stf : (5m /&) op x AffSm /k—> AddCats be a bivariant additive category. Given X G Sm / k, 
Y G AffSm j k and n > 0, the cube of schemes G^ n gives rise to a cube of additive categories 
&/(X,Y x G,^"). Its vertices are srf (X,Y x G* £ ), < ^ < n. The edges of the cube are given by 
the natural additive functors i s : &f(X,Y X Gm' <_1 ') — )■ g/(X,Y x G* £ ) induced by the embed- 
dings j s : ^ — >■ G*/ of the form 

(xi,...,Xl-i) 1 5- (x\,...,l,...,X£-l), 

where 1 is the 5th coordinate. 
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Thus we obtain a cube of bivariant additive categories £/(G m n ). Grayson's ^-theory of 
m n ) produces a functor 

£ Gr (C®^(G,^)) : (Sm/k) op xAffSm/k -> 5/, (X,Y) ^ K Gr (C®^(X,Y x G£")). 

Here Sp z stands for the category of symmetric spectra in the sense of lfT2l . It is easy to see that 

^(CV(X,rx G£")) = K Gr (C®^(X,Y x &™))/j^(i s UK$ r ((f>^(X,Y x G^ 1 ))). 

5=1 

(2) 

3. The category of bispectra 

In this paper we work with the category Pre 1, (Sm/k) of presheaves of symmetric spectra. It 
has three model category structures, each of which we discuss separately. 

Definition 3.1. A morphism / in Pre L (Sm/k) is a stable weak equivalence (respectively stable 
projective fibration) if f(X) is a stable weak equivalence (respectively stable projective fibra- 
tion) in Sp z for all X £ Sm/k. It is a stable projective cofibration if / has the left lifting property 
with respect to all stable projective acyclic fibrations. 

Recall that the Nisnevich topology is generated by elementary distinguished squares, i.e. 
pullback squares 

(3) 




where (p is etale, \ff is an open embedding and (p 1 (X \ U) — > (X \ U ) is an isomorphism of 
schemes (with the reduced structure). 

Definition 3.2. (1) A stably fibrant presheaf M € Pre 1, (Sm/k) is Nisnevich local if for each 
elementary distinguished square Q the square of symmetric spectra M(Q) is homotopy pullback. 

(2) A Nisnevich local presheaf M € Pre z (Sm/k) is A 1 -local if the natural map 

M(X)-^M(XxA i ) 

is a stable equivalence of symmetric spectra for all X € Sm/k. 

(3) A map / : A — > B in Pre z (Sm/k) is a local weak equivalence (respectively motivic equiv- 
alence) if the map of spaces 

f : Map(B,M) -»• Map(A,M) 

is a weak equivalence for any Nisnevich local (respectively A 1 -local) presheaf M. 

(4) The Nisnevich local model category (respectively the motivic model category) on pre- 
sheaves of symmetric spectra, denoted by Pref lis (Sm/k) (respectively Pre mot (Sm/k)), is de- 
termined by stable projective cofibrations and local weak equivalences (respectively motivic 
equivalences). The fibrations are defined by the corresponding lifting property. The homotopy 
category of Pre mot (Sm/k) will be denoted by SH s i (k). 
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We define the mapping cylinder cyl(/) of a map / : A — > B between cofibrant objects in a 
simplicial model category Let A<g> A 1 denote the standard cylinder object for A. One has a 
commutative diagram 

v 



ALIA 



I=H>Uii 




in which i is a cofibration and a is a weak equivalence. Each i e must be a trivial cofibration. 
Form the pushout diagram 



B 



A<g)A J 



Cyl(/). 



Then (fa) o / = /, and so there is a unique map q : Cyl(/) — > B such that qf = fa and 
qi * = 1b- Put cyl(/) = fh; then / = qocyl(f). 

If A, B are cofibrant in then so is Cyl(/). Observe also that q is a weak equivalence. The 
map cyl(/) is a cofibration, since the diagram 



AUA 



All/ 



■BUA 



i'oUl'i 



«0.Ucyl(/) 



A (8) A 1 — ^-»- Cyl(/) . 
is a pushout. 

Consider the category Pre(Sm/k) of presheaves of pointed simplicial sets. We can define 
the projective model category structure on it, where the weak equivalences and fibrations are 
defined schemewise. Let i : pt = Speck — > G m be the embedding l(pt) = 1 G G m . The mapping 
cylinder yields a factorization of the induced map 

Spec& + ^ Cyl(i) ^> (G m )+ 

into a cofibration and a simplicial homotopy equivalence in Pre(Sm/k). Let G denote the cofi- 
brant pointed presheaf Cyl(l)/ Spec& + . 

Let Pre L,G (Sm/k) denote the category of G-spectra in Pre z (Sm/k). Its objects are the se- 
quences (Xo,X\,. . .) of presheaves of symmetric spectra X,-s together with bonding maps X\ — > 
Q&Xf+i, where = Hom(G,X, + i). Morphisms are defined levelwise and must be consis- 

tent with bonding maps. This category will also be referred as the category of (S l ,G)-bispectra 
or just bispectra. We define the stable projective model structure on Pre L,G (Sm/k) (respectively 
the Nisnevich local and motivic model structure) as the stable model category of G-spectra in the 
sense of Hovey [11] associated with the model category Pre z (Sm/k) (respectively Pre^ h (Sm/k) 
dSiAPre^ wt (Sm/k)). Using Hovey's notation ifTTTl . it is the model category Sp^(Pre z (Sm/k),G® 
-) (respectively Sp N (Pre^ is {Sm/k),G® -) and Sp n (Pref not (Sm/k),G ® -)). In what follows 
we shall denote the homotopy category of Sp N (Pref not (Sm/k) , G ® — ) by SH(k). It is one of 
equivalent definitions of the Voevodsky stable motivic category of the field k ||23| . 

The main bispectrum we shall work with is produced by a bivariant additive category 

s/ : (Sm/k) op x AffSm/k ^ AddCats. 
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Namely, let 

A Y = (A Y (0),A Y (1),A Y (2),...) 
be the sequence of presheaves of symmetric spectra 

A Y (n)=K Gr {C @ £?(-,YxG m n )), n > 0. 
We want to construct bonding maps 

a n :A Y {n) ^Q. G A Y (n+ 1). 
Each a n is uniquely determined by a map 

J8 : /: Gr (C e ^(-,F x G^)) ^ Gr (C®^(- x G m ,F x G^' ,+1 )) 
and a homotopy 

A : ^ Gr (C e i/(-,y x G^")) — > K Gr (C® stf (— x Spec/:,F x G^ +1 )) 7 



(4) 



(5) 



such that doh = i*/3 and <ii/i is constant. 

We first construct the maps j8 and h for n = 0. By definition of a bivariant additive category, 
there is an additive functor 

a Gm : s/(X,Y) -»■ ^(X x G m ,F x G m ), X e Sm/jfc. 

we set the map j3 to be the composition 

,Y) ^ £?(X x G m ,F x G w ) 4 s/(X xG m ,Yx G? n l ), 



where p is a natural functor (see Lemma l2?TT f)). 
One has a commutative square of additive functors 



mi* 

«G„, 



£/(lxXl,ly xGm ) 

* srf{X x Speck,Y x ■ 



sf(X,Y) 



^(lxxSpec*,lSpeci'Xl) 

£/(X x Speck,Y x Spec/:). 



On the other hand, there is a commutative diagram 

P .... ^.Al-i 



,e/(X x Speedy x ( 
u 

jrf(Xx Specfc.y x Speck) 



■rf(Ix Speedy x( 



[,c/(X x Specfe,y x Speck) ^ #/(X x Spec A:, y x Specfe)] 



The right lower corner can be identified with the simplicial path space P(S®£/ (X x Spec k,Y x 
Spec/:)). By If26l 1.5.1] there is a canonical contraction of this space into the set of its zero 
simplices regarded as a constant simplicial set. Since P(S®£/ (X x Spec&,F x Spec/:)) has only 
one zero simplex, it follows that there is a canonical simplicial homotopy 

H : P(S®£^(X x SpeckJ x Speck)) -> P{S®srf(X x SpeckJ x Speck)) 1 

such that doH = 1 and d\H = const. 
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Now the map h ((5]) is induced by the composite map 

^(XxSpec/c^xG^ 1 ) 7 

P(S®s?{X x Speck,Y x Spec/c)) — ^P(S®s/(X x Speedy x Specie)) 7 
/ 

sf(X,Y) aSpect ? s/(X x SpeckJ x Speck) 

The bonding map «o : Ay(0) — >■ £2(gAf(1) is constructed. The definition of each a n : Ay(n) — > 
Cl&Ayin + 1) is similar to that of oq. The only difference is that we replace the bivariant additive 
category si (X,Y) by the multisimplicial bivariant additive category si (X,Y x G^f). 

Given an abelian monoid (A,+), denote by EM{A) its Eilenberg-Mac Lane symmetric spec- 
trum in the sense of [5, Appendix A]. It is defined in terms of the a -construction and is similar 
to the definition of the Waldhausen ^-theory spectrum that uses the 5-construction Boll . By 
definition, oA is a simplicial set whose rc-simplices are the functions 

a : Ob Ai[n] — > A, (i, j) (->• a(i, j) = a/j, 

having the property that for every j, ajj = and = djj + aj^ whenever i ' ^ j $C k. 

Given an n-dimensional cube of abelian monoids M, we define an «-fold multisimplicial 
abelian monoid C®M similar to formula £T|). The only difference is that we consider func- 
tions from objects of the corresponding posets ignoring poset arrows. It is worth to mention that 
Lemma lXTl is valid for the a-construction of cubes of abelian monoids. For this one uses the ad- 
ditivity theorem for the a-construction, just as in E6l section 1.5]. Applying the a-construction 
to the multisimplicial abelian monoid C®M, one gets a symmetric spectrum EM{C®M). It 
serves as the iterated cofiber spectrum of the cube of Eilenberg-Mac Lane's spectra EM(M). 

Every ^-dimensional cube of additive categories ^ gives rise to an rc-fold cube of abelian 
groups Kq'\^). There is a natural map S®^ — > aK^ r {^() induced by the map sending an 
object of an additive category to its isomorphism class in the Grothendieck group. This map 
induces a map of symmetric spectra 

T : K Gr {C®JZ) -> EM{C®K$ r {J{)). 

For each n ^ we set 

A , Y (n) = EM(C®K<? r (sf(-,Y x G£»))). 

Note that ^o(Ao,f(«)) is computed by formula © and the other homotopy groups are zero. We 
have that the sequence of symmetric spectra 

Ao,F = (Ao,y(0),Ao,y(l),A ,F(2),...) 

forms a bispectrum, in which the bonding maps are defined like those for the bispectrum Ay. 
Moreover, there is a canonical map of bispectra 

T : A Y -> A ,y. 

This map consists of the collection of canonical maps of symmetric spectra 

x n :A Y {n)^Ao, Y (n), n^O, 

defined as above. 
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4. The Grayson tower of bispectra 

In this section we work in the framework of simplicial additive categories ^# over con- 
tractible simplicial rings R. Given such a pair (^,R), Grayson [ 10 ] constructs a tower of spaces 
which is also referred to as the Grayson tower. Each space of the Grayson tower is defined as 
a /f-theory space of some "multisimplicial additive category with commuting automorphisms" 
associated with (^,R). In practice the Grayson tower gives rise to a motivic spectral sequence 
(see lflQ"ll27ll20"l l5l). The Grayson tower for (^#,7?) can be extended to symmetric spectra (21. 
We shall mostly adhere to in this section. 

In our setting the contractible ring R is 

k[A] :d^k[A d ]=k[t ,t l ,...,td]/(to + ti + --- + t d -\). 
In what follows we require 

d^s/(XxA d ,Y) 

to be a k[A] -linear additive category, where si : Sm/k x AffSm/k — > AddCats is a bivariant 
additive category. 

In order to make Grayson's machinery applicable to our setting, throughout this section we 
work with a bivariant additive category 

si \Smjkx AffSm/k — s- AddCats 
satisfying the following property: 
(Slut) for every X G Sm/k J £ AffSm/k and n > 0, the additive category si(X,Y x G*") 
can be identified with the additive category si (X,Y)(G* n ) whose objects are the tuples 
(P, 0i , . . . , 0„), where P Esi(X,Y) and (0i, . . . , 0„) are commuting automorphisms of P. 
More precisely, there is an isomorphism of additive categories (not only an equivalence 
of categories) 

Px , YM : si(X,Y x G™) -> si(X,Y)(G* n ) 
such that the diagram of functors 

sJ(X,Y x G**" 1 ) P *' r "~' > ^(X,y)(G^- 1 ) 

is js 

s/(X,Y x G*») — s/(X,Y)(G™) 

is commutative. Here i s (respectively j s ) stands for the functor induced by the map 
(jci , . - - ,x n -\) € G*' 1-1 h-> (jci , . . . , 1, . . . ,x n -i) € G*" with 1 the sth coordinate (respec- 
tively (0i , . . . , 6„-i) i — y (0i, . . . , 1, . . . , 0„-i)). We also require each identification pxj.n 
to be functorial in both arguments. 

We can form a cube of additive categories si (X,Y)(G^ n ) whose vertices are si (X,Y)(G* n ) 
and edges are given by the functors j s . The (Slut) -property implies the cubes sf(X,Y)(G£?) 
and si(X,Y x G^ 1 ) are isomorphic. 

Consider the map of bispectra 

T : A Y -> Aqj. 

For every n ^ there is a triangle in the homotopy category Ho(Pre I '(Sm/k)) (see ||5j section 7] 
for details) 

\d^A Y {n+\){- xA d )\h Q.\d^A Y {n){- xA d )\^ Sl\d A ,y(n)(- x A d )\. 
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The map y„ is defined as a zigzag of stable weak equivalences between presheaves of symmetric 
spectra, each of which is obtained from a (simplicial) bivariant additive category. Moreover, 
each map in the zigzag agrees with the bonding map in G-direction (see section 7] for the 
construction of the zigzag). 

Since the category Ho(Pre z (Sm/k)) is triangulated with E s = — AS 1 a shift functor, the latter 
triangle gives a triangle 

L s \d^A Y (n + l)(- xA d )\ -> \d^A Y (n)(-xA d )\ -> \d ^ A j(n)(- x A d )\. 

We shall also call it the Grayson triangle. 
We obtain a tower in Ho (Pre (Sm/k)) 

>L"+ l \d^A Y (n+\)(-xA d )\^L n ,\d^A Y (n)(-xA d )\^ > \d ^ A Y (0)(- x A d )\, 

(6) 

in which successive cones are of the form 

T] l s \d ^ A . Y (n)(- x A d )\. 

We shall also refer to it as the Grayson tower for stf ' . 

Given F,G € Pn$ is (Sm/k) we shall use the following notation: 

[F,G] := Hom HoPre E. (SwA) (F,G). 
Given X G Sm/k, Y G Affsm/k and € Z, we also set 

2£*(X,r) := [^ir^Ao^X- x A rf )|] 

and 

^(X,F) := [X + ,l;V ^A y (0)(- x A rf )|], i e Z. 

Remark 4.1. Let D(NSh) be the derived category of Nisnevich sheaves of abelian groups on 
Sm I k. The Dold-Kan correspondence yields a complex of presheaves of abelian groups 

C*(A ,y(<?)) 

which uniquely corresponds to the simplicial presheaf 

d i — y K$ r (C®stf(- x A d ,Y x 

After sheafifying C*(Ao }Y (q)) degreewise in the Nisnevich topology, we get a bounded above 
complex C*(Ao,r(<7))nis € D(NSh) (the indexing is cohomological). It is then proved similar 
to E 7.8] that 

H p J(X,Y)=H^(X,C*(A , Y ^)U[-a]), 
where the right hand side stands for Nisnevich hypercohomology groups of X with coefficients 
in C*(Ao,y(#))nis[ — <l] (the shift is cohomological). 

Theorem 4.2 (Grayson). The Grayson tower (O produces a strongly convergent spectral se- 
quence 

E 2 = Hy^(X,Y) K^ p _ q (X,Y), X G Sm/k,Y G Affsm/k, (7) 
which will also be referred to as the Grayson spectral sequence for 

Proof. This is proved similar to J5] 7.9]. □ 

Corollary 4.3. If the groups H^f(X,Y) are homotopy invariant in the first argument, then so 
are the groups Kf (X ,Y)-s. In particular, every fibrant replacement of \d i— >■ Ay(0)(— x A^)| 
in the Nisnevich local model category Pre\ h (Sm /k) is fibrant in the motivic model category 
Prel ot (Sm/k). 
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Below we shall study conditions when the Grayson spectral sequence ([7]) is expressed in 
terms of bispectra. 

Given a bispectrum X = (Xq,X\ ,...), the shift in G-direction L&X is the bispectrum (X\,X2, ■■■). 
Similarly, the nth shift L^X is the bispectrum {X n ,X n+ \,. . .). For each n ^ 0, we have a triangle 
in the homotopy category of bispectra Ho (Pre Z)G (Sm/k)) 

!T G +l \d^A Y (- xA d )\ -4 QL n G \d^A Y (- xA d )\ ^ Q.L n G \d ^ A ,y(- xA d )\. 

Since the category Ho(Pre L,G (Sm/k)) is triangulated with L s = — AS 1 a shift functor, the latter 
triangle gives a triangle 

£^ + V x -»• L G \d^A Y (- x A d )\ A L G \d^A 0J (- x A d )|. 

We shall also call it the Grayson triangle of bispectra. 
We obtain a tower of bispectra in Ho(Pre L ' G, (Sm/k)) 

...^L n s + % +1 \d^A Y (-xA d )\^L:L' G \d^A Y (-xA d )\^-.-^\d^A Y (-xA d )\, (8) 

in which successive cones are of the form 

^L' G \d^A 0J (-xA d )\. 

We shall also refer to it as the Grayson tower of bispectra for srf . 

Given a presheaf & of abelian groups and a scheme X € Sm/k, one sets 

5(XAG m ) := Ker(i* : &(X x G m ) ->■ ^(X x Speck)). 

There is a map of complexes 

P : C*(A 0J (q)) -> C*(A 0) y(?+ 1))(- X G,„), 

where the left arrow is induced by map (01). Homotopy (f5]) implies j8 uniquely factors through 
C*(Ao i y(<7+ 1))(— AG m ). Therefore one gets maps 

P™:H p J>{XJ)^H^ q+ \x/\G m ,Y). 

Definition 4.4. We say that the bigraded presheaves H*£(—,Y) satisfy the cancelation property 
if all maps j3 M are isomorphisms. 

Let X = (Xo,X\, . . .) and Y = (Yo,Y\, .. .) be two bispectra. Recall that a map of bispectra 
/ : X — > Y is a level Nisnevich local equivalence if so is each f n :X n —> Y n in Pre\ h {Sm/k). By 
common facts for model categories (see, e.g., fTTl ) there is a level Nisnevich local equivalence 
of bispectra 

u \ X — y X 

such that each map u„ : X n — > X n is a cofibration and each X n is fibrant in Pre\ is [Sm/k). More- 
over, the map is functorial in X. 

Consider the bispectrum Aqj = (Aoj(0),Aqj(1), . ..). Denote by Aq y the bispectrum 

(\d H> A ,y(0)(- x A rf )|, |rf ^A , r (l)(- x A rf )|, . . .). 

Then there is a map of bispectra (see above) 

u '■ Aq Y . 

Observe that there is an isomorphism 

H^(X,Y)^7l(X + ,Zr q (At tY ) q ), 
where the right hand side stands for the usual homotopy equivalence classes of maps. 
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Lemma 4.5. The bigraded presheaves H*£*(—,Y) satisfy the cancelation property if and only if 
each structure map of the bispectrum A^ Y 



0,¥)n+l 



is a stable weak equivalence in Pre z (Sm/k). 



We can also define bispectra Ay and Ay similar to the bispectra Aq Y and Aq y . There is a map 
of towers in Ho(Pre z (Sm/k)) 



(Ay)„ 



+ 1 



■E? +, (A A 



Y)n+l 



(^)o 



(A A )o, 



where the upper tower is the Grayson tower and the vertical morphisms are Nisnevich local 
equivalences in Pre^ h (Sm/k). Moreover, we have maps of successive cones of both towers 

T,"u n : T,"(AQ Y )n ~ t ^"(^o,y)n- 
For every q ^ and p € Z one sets 

Kf(X,YAG* m ) :=[X + ,LP-«(A$) q ] 
Observe that there is an isomorphism 

Kf(X,Y AG^)-7r(X + ,rr^(A A ),). 

Theorem 4.6 (Cancelation for ^-theory). Suppose the bigraded presheaves H^f(—,Y) satisfy 
the cancelation property. Then each structure map of the bispectrum Ay 

(A A ),^£1 G (A A ), + 1 , q^O, (9) 

is a stable weak equivalence of symmetric spectra. In particular, the natural map 

Kf(X,Y A G«) Kf +l (X A G m ,Y A G* +1 ), 

induced by (©, an isomorphism for all p E Z. 

Proof. We have a map of towers in Ho(Pre L (Sm/k)) 

^ +1 (A A )„ + i L»(A£)„ (A A ) 



■ zi+ l a G {A^) n+2 E?n G (A A )„ 



n G (A>)i 



+i — 3 

where the upper tower is the Grayson tower and the vertical morphisms are structure morphisms 
of the byspectrum Ay. By Lemma 1431 all maps of successive cones 

£ "( A o,y)« s "^g(^oj)"+i 

are stable weak equivalences in Pre Y '(Sm/k). 

For every X € Sm/k, Theorem 14.21 implies the upper tower produces a strongly convergent 
spectral sequence 



pi 



x p+q (Ll(A* ¥ ) q (X)) =s> 7T p+9 ((A A )o(X)) 



n 



and the lower tower produces a strongly convergent spectral sequence 

E 2 pq = n p+q Wn G (A* Y ) q+l (X)) =>■ K p+q {a G {A^{X)). 
Since both spectral sequences are isomorphic, we conclude that the map 

K) ^^gK)i 

is a stable weak equivalence in Pre (Sm/k). It is proved in a similar fashion that all other 
vertical maps in the diagram above are stable weak equivalences in Pre z (Sm/k), and hence so 
are their desuspensions. □ 

We are now in a position to prove the main result of the section. 

Theorem 4.7. Suppose the groups H^ q (X,Y) are homotopy invariant in the first argument 
and satisfy the cancelation property. Then the bispectra A Y and Aq Y are motivically fibrant in 
Pre^rt(Sm/k) and the maps 

Ay^Ay-, Aqj^A^y 

are motivic weak equivalences of bispectra. As a result, one has a tower in SH(k) 

■•■-). if 'if V -> I?I* Ay ■ • ■ ^Ay, (10) 

in which successive cones are of the form ZfZjgAo.y. This tower produces a strongly convergent 
spectral sequence 

E 2 pq = SH(k)(X + ,L; p Z G A 0J ) SH(k)(X + ,-L^A Y ), 
which is isomorphic to the Gay son spectral sequence for srf . 

Proof. By Corollary 14.31 (A Y )o is fibrant in Pre\ ot {Smjk). It is proved in a similar way that 
each {Ay) q , q > 0, is fibrant in Pre^ wt (Sm/k). So the bispectrum A Y is level motivically fibrant. 
Theorem 14. 6l implies it is fibrant in Pre^ t (Smjk). The fact that the bispectrum Aq y is fibrant in 

Pref,w t (Sm/k) follows from Lemma 1431 and the homotopy invariance of the groups H P f(X,Y) 
in the first argument. 

Let us show that Ay — > A Y is a motivic weak equivalence of bispectra. This map is the 
composition 

Ay ^Ay — ^ Ay, 

where the right arrow is a Nisnevich local equivalence, hence a motivic weak equivalence. The 
left arrow is a motivic weak equivalence by Ifl6l 3.8]. Similarly, Ao,y — > A§ Y is a motivic weak 
equivalence of bispectra. 

The Grayson tower of bispectra © in Ho(Pre I ' ,G )(Sm/k) yields a tower of bispectra in SH(k) 

■••-». If 'If 'Ay -»• L«L q G A Y ->..--> Ay , (11) 
in which successive cones are of the form EfZ^Ao y. This tower produces a spectral sequence 

£ p 2 , = SH(k)(X + ,L; p Z G A j) «/(*)(X- + ,E7*-*A r ), 

which is the same as the spectral sequence 

tfj, = S#(*)(X + ,E;^A|y) s//(*)(x+,E7*-*a£). 

Since all bispectra involved into the latter spectral sequence are motivically fibrant, it follows 
that it is isomorphic to the spectral sequence 

E lq = Hom Ho(Pre 5: (Sm//t))(^+iIv P ( A Qj)q) ^ om Uo{Pre z (Sm/k))( X + ? ? (Ay)o)- 
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It is plainly isomorphic to the Grayson spectral sequence f7]). 



□ 



5. Postnikov towers in SH s i (k) and SH(k) 

Voevodsky E5ll has defined a canonical tower on the motivic stable homotopy category 
SH s i (k), which is called the motivic Postnikov tower. 

Let T, G SH s i (k) be the localizing subcategory of SH s i (k) generated by objects of the form 
ZqE, E G SH s i (k). This gives us the tower of localizing subcategories 

• • • C L n G +l SH si (k) C I&SHsi (k) C •• • C SH s i (k). 
Take E G SH s i (k) and consider the cohomological functor 

Hom Wl (*)(-,£) : TT G SH sl (k) Ab. 

By ifTTl this functor is represented by an object r n E of L G SH s i(k). Sending E to r n E defines 
a right adjoint r n : SH s i (k) — > LqSH s i (k) to the inclusion i n : L G SH s i (k) — > SH s i (k). Let /„ := 
in ° r n with counit /„ — > id. Thus, for each E G SH s i (k), there is a canonical tower in SH s i (k) 

■•• -> f n+1 E -> f n E ■•• -> / £ = £, 

the motivic Postnikov tower for S l -spectra. We write f„/ n+r E for the cofibre of — > /„£; we 
use the notation s„ := f n / n+ \ to denote the nth slice in the Postnikov tower. 

Let EM : Ab — > S'/? 5 ' be the Eilenberg-Mac Lane functor in the sense of (5 , Appendix A] and 
let Z(«), « ^ 0, be the Suslin-Voevodsky complexes EH . 

Proposition 5.1. ([13, 1-4. 3] J Suppose k is a perfect field. Then for every n ^ we have 
EM{1{n)) eX n G SH sl (k). 

Call E G SH s i (k) A 1 -connected if for each X G Sm/k, the spectrum E(X) is — 1-connected, 
where E is a fibrant model for E in Pref not (Sm/k). 

Proposition 5.2. C H13I 3.1.4]) Suppose k is a perfect field. IfE G SH s i (k) is A 1 -connected, then 
f n E and s n E are A 1 -connected for every n ^ 0. 

Lemma 5.3. Suppose k is a perfect field and srf is a bivariant additive category with (2lut)- 
property. Suppose further that each Ao,y(n) G L G SH s i(k). If the presheaves H^f(—,Y) are 
homotopy invariant, then Ay{n) G L G SH s i (k)for every n ^ 0. 

Proof. By Corollary 14. 3 1 {Ay )p is fibrant in Pref m)t (Sm/k). It is proved in a similar way that each 
(Ay) n , n > 0, is fibrant in Pre^ mt (Sm/k). The map Ay (n) — > (Ay)„ is a motivic weak equivalence. 
It is the composition 

A Y (n) (A*)„ 

where the right arrow is a Nisnevich local equivalence, hence a motivic weak equivalence. The 
left arrow is a motivic weak equivalence by lfl6l 3.8]. 

We have Aoj(m) = f n (Aoj(m)) G L G SH s i(k) for all m ^ n. Applying the functor /„ to the 
Grayson tower ©, we get a map of towers of motivically fibrant presheaves of spectra 

^ +1 /„+i((A£Wi) *I»f n ((A$) n ) 



E" +1 (Ay)„ + l 5~£"(Ay)„, 
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in which successive cones are of the form Z" +9 (Aq Y )n+q- 

For every X G Sm/k, Theorem 14.21 implies the lower tower produces a strongly convergent 
spectral sequence 

E 2 pq = n p+q (L>:+«(Al ¥ ) tl+q (X)) n p+q ((A$) n (X)). 
To show that the spectral sequence produced by the upper tower 

E 2 pq = n p+q {Z» + «{At tY ) n+q {X)) K p+q {f n ({A Y ) n ){X)) 

is strongly convergent, we need to know that each f n ((A Y ) n ) has the same connectivity prop- 
erties as (Ay)„. It follows from Proposition 15.21 that if (A Y )„(X) is /-connected, then so is 

Thus the second spectral sequence is strongly convergent. We conclude that the map in 
Uo(Sp z ) 

f n ((Ay) n )(X) ^ (Ay) n (X) 

is an isomorphism. We see that Ay (n) is isomorphic in SH s i (k) to /„((Af) n ) G Z G SH sl (k). □ 

Voevodsky E4l defines the slice filtration in SH(k) just as it is defined in SH s i(k). Let 
SH e ff(k) be the smallest localizing subcategory of SH(k) containing all suspension spectra 
£q£~X + with X G Sm/k; this is the same as the smallest localizing subcategory containing all 
the G-suspension spectra L G E for E G SH s i (k). For each integer p, let L G SH e ^ (k) denote the 
smallest localizing subcategory of SH(k) containing the G-specfra Y? G g for g G SH e ^(k). The 
inclusion i p : L G SH ef f (k) -> SH e ff(k) admits the right adjoint r p : SH e ^(k) -»■ lP G SH e ff(k)\ 
setting f p :=i p or p , one has for each & G SH(k) the functorial slice tower 

fd+i£ ^ fd* ^ fa* ->f-i*^ 

As for the slice tower in SH s i (k), the existence of the adjoint follows from IPT71 and the map 
f p g g is universal for maps & ->■ g, & G L G SH e ff(k). The cofiber of -> / d <T is 

denoted by sag. 

Lemma 5.4. Under the assumptions ofLemma \5. 3\ the bispectra Ay andAoj belong to SH e J * (k). 

Proof. We prove the assertion for Ay, because the same arguments will hold for Ao,y. It is shown 
similar to lfT8l A. 33] that every bispectrum g is the colimit of a natural sequence 

Tr Q g -> Tr x g -> ••• , 

where Tr^g stands fort the ith truncation. Moreover, Trig is naturally stably equivalent to 
Q} G {{Z G EiY) ("/" for fibrant resolution). 

Lemma E2 implies (L G A Y {i)) f G I! G SH e ff{k), and hence a G ((H^A Y (0) G SH e ff(k). We 
see that Ay is the colimit of the sequence 

7> Ay -> 7>iAy 

where each 7V,Ay is in SH e ff(k). It follows from [18. A. 34] that Ay is isomorphic in SH(k) to 
the homotopy colimit of 7Y,Ay-s, which is in SH e ff\k). We conclude that Ay G SH e f'f{k). □ 
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6. The bispectrum KGL^y 

Given an additive category Quillen defines a new category S~ l S^ whose objects are 
pairs (A,B) of objects of M. A morphism (A,B) — > (C,D) in S _1 S^# is given by a pair of split 
monomorphisms 

together with an isomorphism h : Coker/ — > Cokerg. By a split monomorphism we mean a 
monomorphism together with a chosen splitting. The nerve of the category S^ l S^£ which is 
also denoted by S~ l S^$ is homotopy equivalent to Quillen's ^-theory space of ^# by (SJ. 

We can regard S~ l S~^ as a simplicial additive category. Its symmetric Grayson /f-theory 
spectrum will be denoted by K Gr {S~ l S^). It follows from the proof of ifTOl 9.3] that the map 
Ob^ — > S~ l S^ sending M to (M,0) induces a homotopy equivalence 

Therefore the induced map of symmetric spectra 

is a stable weak equivalence, which is a level weak equivalence in positive degrees. 

Let =2/ be a bi variant additive category. Then S~ Ssrf is a simplicial bivariant additive cate- 
gory. For any Y € AffSm /k we can form a bispectrum 

S~ l SA Y = (5" 1 5Ay(0),^ 1 5A y (l),...), 

where each 5" 1 5A y («) = K Gr {C®S~ l Ss^{-,Y xG^)), and define a natural map of bispectra 

s:A Y ^S' l SA Y . 

This map is a level stable weak equivalence. 

Consider the category of topological symmetric spectra TopSp 1, (see Ifl9l section 1.1]). We 
can apply adjoint functors "geometric realization", denoted by | — |, and "singular complex", 
denoted by ', levelwise to go back and forth between simplicial and topological symmetric 
spectra 

| - | : Sp z +± TopSp z : 3*. (12) 

Remark 6.1. By the standard abuse of notation [ — | denotes both the functor from Sp z to 
TopSp 1, and the realization functor from simplicial spectra to spectra. It will always be clear 
from the context which of either meanings is used. 

Given a (multisimplicial) additive category denote by K Gr (^) the symmetric spectrum 
y\K Gr (.y$)\. The unit of the adjunction induces a map of symmetric spectra 

functorial in M. Observe that \Kp r {S~ x SJT)\ is an Q-spectrum in TopSp 1 , and hence so is 
K Gr (S- x SJi) xrvSp 1 . 

Suppose stf is a bivariant additive category satisfying the property (Slut). For any Y G 
AffSm /kwe can form a bispectrum 

S- { SA Y = (S- l SA Y (0),S- l SA Y (l),...), 

where each S^SAyin) = K Gr {C®S- y S^{-,Y x G^)), and define a natural map of bispectra 

t:S- l SA Y ^S- l SA Y . 
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This map is a level stable weak equivalence. 

By iflOl 9.4] and l27l p. 16] there is a natural map of symmetric topological spectra 

\K Gr (C® S- 1 Ssf (X , Y x G^ 1 ) ) | -> Q. \K Gr ( (S- 1 5) (5~ 1 S) a/ (X , Y ) ) | . 

It gives a natural map in Pre 1 * (Sm/k) 

vi :5- 1 5A F (l)^n^ & ((5- 1 5)(5- 1 5)^(-,F)). 
We can get more generally a map (see |[27l p. 16] as well) 

v n : S^SArin) -> ^ Gr (C e (5- 1 5)(5- 1 5)^(-,y x G^" -1 )) £2 n £ Gr ((,r 1 S)' ,+ V(-,r)). 
One sets 

x :=n G (vi)o^o :^ Gr (5- 1 5=#(-,y)) ->G G n£ G, '((s- 1 s)V(- F)), 

where ao : Ay(0) — >■ £2cAy(l) is the structure map. Applying the above construction to the 
multisimplicial bivariant additive category (S~ l S) n s/, we get a map 

x n : D."K Gr ((S- l S) n+l £/(-,Y)) -> £l G Q. n+l K Gr ((S- l S)" +2 ^(-,Y)). 

Definition 6.2. Let stf be a bivariant additive category with (Slut) -property and let Y € AffSm / k. 
Then the bispectrum KGL^ y is defined by the sequence in Pre Y '{Sm/k) 

(^ Gr ((5- 1 5)^(-,F)),^ Gr ((5- 1 5)V(-,y)),a 2 ^ G ''((5- 1 5)V(-,F)),...). 

Its structure maps are given by the maps x„-s. 

The maps v„-s determine a map of bispectra 

v : S~ [ SAy — » KGLj^y 

So we have a map of bispectra 

^ : = V of os : A Y — >KGL^ iY - (13) 

In the next section we shall work with the bispectrum KGL^ ^^^ for a certain bivariant additive 
category si '. It will be shown that it represents Quillen's ^-theory of algebraic varieties. 

7. Comparing Grayson's and slice towers for KGL 

In this section we prove the main results of the paper. For technical reasons we have dealt 
with general bivariant additive categories so far. Below a concrete example of such a category 
si is given. It will lead to solutions for the problems mentioned in the introduction. Its definition 
is extracted from [6]. We start with preparations. 

Let U,X G Sm/k. Define Supp(£/ x X /X) as the set of all closed subsets in U x X of the form 
A = UAj, where each A,- is a closed irreducible subset in U x X which is finite and surjective 
over U. The empty subset in U x X is also regarded as an element of Supp(£/ xX/X). 

Given U,X G Sm/k and A G Supp(£/ x X /X), let I A C ffuxx be the ideal sheaf of the closed 
set A C U xX. Denote by A m the closed subscheme in U x X of the form (A, &uxx/Ia)- If 
m = 0, then A m is the empty subscheme. Define SubSch(£/ x X/X) as the set of all closed 
subschemes in U x X of the form A m . 

For any Z G SubSch(£/ x X/X) we write pfj : Z — ^ U to denote p o i, where i:Z^U x X is 
the closed embedding and /? : {/ x X — > £/ is the projection. If there is no likelihood of confusion 
we shall write pu instead of pfj, dropping Z from notation. 
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Clearly, for any Z G SubSch(£/ x X /X) the reduced scheme Z red , regarded as a closed subset 
of U XX, belongs to Supp(£/ xX/X). 

For any U,X G Sm/k we define objects of (U,X) as equivalence classes for the triples 

(n,Z, <p : pu^z) -> M n {0u)), 

where n is a nonnegative integer, Z G SubSch(£/ xX/X) and <p is a non-unital homomorphism 
of sheaves of (^/-algebras. Let p(q>) be the idempotent <p(l) G M n (T{U then P(<p) = 
Im(/?(<p)) can be regarded as a /7j/ ) *(^?z)-module by means of (p. 

By definition, two triples (n,Z,(p), (n',Z',q>') are equivalent if n = n' and there is a triple 
(n",Z", <p") such that n = n' = n", Z,Z' C Z" are closed subschemes in Z" , and the diagrams 



PuA@z) 1 -M n (0 v ) PvAGtj) ^MJff v 





are commutative. We shall often denote an equivalence class for the triples by <J>. Though Z is 
not uniquely defined by <!>, nevertheless we shall also refer to Z C U x X as the support of <J>. 
Given <$>,<£>' G srf (U,X) we first equalize supports Z,Z' of the objects O,^' and then set 

Honv (fAX) (<£,<£') = Bom puA&z) (P((p),P((p')). 

Given any three objects <I>, <?>',<!>" G srf (U,X) a composition law 

Hom^ (t/jX) ($,$') oHom rf(w) (<£', <&") -> Honv^) ($, 3>") 

is defined in the obvious way. This makes therefore stf{U,X) an additive category. The zero 
object is the equivalence class of the triple (0,0,0). By definition, 

*! e* 2 = («i +n 2 ,Z] UZ 2 ,p u A0z l uz 2 ) -> Pu,*{@Zi) x Pu,*{ ff z l )^M ni (0' u ))xM n2 (ff u ))^M ni+n2 {& u )). 

Clearly, P{<p { (fr) J P(<p 1 ) ©P(<?>2). 

By [6] the additive categories (U,X) are functorial in both arguments and the rule 

(U,X) G Sm/k x Sm/k ^ £/(U,X) eAddCats 

determines abivariant additive category with (2lut) -property. Moreover, 

£/(U xA d ,X) 



is a fc[A]-linear additive category. 

Throughout this section by srf we mean this bivariant additive category. 

In fact, we have a spectral category K whose objects are those of Sm/k, i.e. a category 
enriched over Sp z . Its morphism symmetric spectra are 

K(U,X) =K Gr (£/(U,X)). 

We refer the reader to [6] for details. One can associate a ringoid Ko to it. By definition the 
objects of Ko are those of Sm/k and 

Kq(U,X) = 7to(K(U,X)), U,X G Sm/k. 

In what follows we shall write H^ CI (U,Z) to denote H P J'(U, Specfc). In Remark |4~T1 we 
defined complexes of presheaves C*(Aoj(q)) (indexing is cohomological). We set, 

Z K (4):=C*(A ,Spec^)[-<7])m S . 
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It follows from Remark |4~T1 that 

ff£*(ff l Z)=fl*(ff,Z*fo)). 

We shall also denote by KGL the bispectrum KGL^ speck- 

There is another ringoid which is important in our analysis. Let &(U,X), U,X S Sm/k, be 
the additive category of big coherent &jj x x -modules P such that SuppP is finite over U and the 
coherent ^-module (pu)*(P) is locally free (see BUOQjl). We shall write £P(U) to denote 
#(t/, Spec k). Define a ringoid Kff as 

K^(U,X)=K (&(U,X)), U,XeSm/k. 

Here the right hand side stands for the Grothendieck group of the additive category ZP(U,X). 
If X is affine then there is a natural additive functor (see [6 ] for details) 

F V f:s/(U,X)->#(U,X) 

which is an equivalence of categories whenever U is affine. By Fyx is functorial in U. These 
functors can naturally be extended to a map of ringoids 

F-.Kq^K®. 

Given n^Owe denote by Z Gr (n) (respectively Z(n)) the Grayson complex Il20ll27l corre- 
sponding to the ringoid K® (repectively the Suslin-Voevodsky [21] complex corresponding to 
the ringoid Cor). The complexes are denned in the same fashion as Z K («). Recall that motivic 
cohomology is denned as 

H^(X,Z):=H^(X,Z(l))- 

Theorem 7.1 (Suslin H201D . For any n ^ 0, the canonical homomorphism of complexes ofNis- 
nevich sheaves r L Gr (n) — > 7L(n) is a quasi-isomorphism. 

Corollary 7.2. For any n^O, the canonical homomorphism of complexes of Nisnevich sheaves 
Z K («) — > Z, Gr (n), induced by the map of ringoids F : K.q — > K®, is an isomorphism. Hence, for 
any smooth scheme X € Sm/k, cohomology groups fl™ (X,Z) coincide with motivic cohomol- 
ogy groups H P J{X ,Z). 

Proof. As we have mentioned above, the additive functor Fu^x '■ &f(U,X) — > £?(U,X) is an 
equivalence whenever U and X are affine. It follows that the map of simplicial abelian groups 

(d i-> Kq(U x A d ,G* n )) ->■ (d i-> K®(U x A d ,G* n )), n^O, 

is an isomorphism for every smooth affine scheme U. Hence the map of simplicial abelian 
sheaves 

(d_>Ko(_ xA d ,G* n ) nis ) -> (^^(-xA^G^U 
is an isomorphism of motivic spaces. Our assertion now follows. □ 

Corollary 7.3. The cohomology groups HJ (X, Z) are homotopy invariant and satisfy the can- 
celation property. 

Proof. This follows from l20l 3.1: 4.131 and Corollary E2J □ 
Corollary 7.4. Let k be a perfect field. Then Ao.specitM G ^&SH s i (^)f or eacn n^O. 

Proof. It follows from |[T3l 1.4.3] that each complex Z(n), regarded as a presheaf of symmetric 
spectra, is in L'^SH s i (k). Our assertion now follows from Theorem [7j] and Corollary 17.21 □ 
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By definition, by the ^-theory of X we shall mean the symmetric spectrum 

K(X)=K Gr (&(X)). 

We set Gx '■= Fx.speck- Observe that Gx is functorial in X. So we get a map in Pre z (Sm/k) 

G:K Gr (.s/(-, Speck)) -+K(-). 
Proposition 7.5. G is a Nisnevich local weak equivalence and induces canonical isomorphisms 

Kf (X, Speck) =K P (X), 
for any smooth scheme X and any integer p. 

Proof. The fact that G is a Nisnevich local weak equivalence follows from the fact that Gx is an 
equivalence of categories whenever X is affine. So we also have that 

K Gr (jz?(- x A d , Speck)) -+ K(- x A d ), d^O, 

is a Nisnevich local weak equivalence in Pre L (Sm/k). 
Consider a commutative diagram in Pre z (Sm/k) 

K Gr (stf(-, Speck)) *~ \K Gr (^(- x A-,Spec£))j >■ \K Gr (^(- x A-,SpecJt))|/ (14) 



G 
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K(-) ° * \K(- x A-)| H - - |*(- x A-)|/ 

Here the lower /-symbol refers to a fibrant replacement functor in Pre^ is (Sm/k). The vertical 
arrows are Nisnevich local weak equivalences. The left horizontal arrows are motivic weak 
equivalences by Ifl6l 3.8]. 

Since K(-) is homotopy invariant, then a is a stable weak equivalence. By [22] K(-) is 
Nisnevich excisive, and hence /3, y are stable weak equivalences. It remains to observe that 

Kf(X, Spec k) = % p (\K Gr (^(- xA- Spec k))\ f (X)) 

for any X € Sm/k. □ 

Corollary 7.6. Let K(-) — > K(-) be any fibrant replacement ofK(-) in the stable projective 
model structure of Pre 1, (Sm/k). Then the composite map 

K Gr (£/(-, Speck)) %K(-) ^K(-) 

is a motivic fibrant replacement of 'K (stf (—, Speck)) in Pre\ ot (Sm/k). 

Proof. All maps of diagram (fT4l are motivic weak equivalences. The proof of the preceding 
proposition shows that K(— ) is fibrant in Pref not (Sm/k). □ 

The next theorem says that the bispectrum KGL represents algebraic ^-theory. 
Theorem 7.7. For any smooth scheme X one has canonical isomorphisms 

KGLP^(X + )=SH(k)(LZKX + Xr q ^ G KGL) ^K 2 ^ p (X), 
where K(X) is algebraic K-theory ofX. 
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Proof. Given a bispectrum X, let X A be the bispectrum (\Xq(— x A")|, |Xi (— x A )|, . . .). Taking 
a fibrant replacement of X A in the level Nisnevich local model structure of Pre T " ,G {Sm/k), we 
get a bispectrum Xf. So one has maps of bispectra 

x^x A ^xf, 

where the left arrow is a level motivic weak equivalence by |[T6l 3.8] and the right arrow is a 
level Nisnevich local weak equivalence. 

Consider the bispectra S~ SA A k * and KGL A . Note that the first bispectrum is equivalent 

to A| pecjt . We claim that each structure map 

p n : (KGLj) n = (KGL A )f Q G (KGL A +l ) f 

is a stable weak equivalence in Pre L (Sm/k). Corollary 17.61 and iflOl 9.3] imply each (KGL A )f 
has homotopy type of Q n K(—) G Pre z {Sm/k). 
By construction, the map po factors as 

S- l SA Speck (0) A f ^ Cl G S- l SA Speck (\) A f ^ £l G (KGL A ) f . 

Corollary 17.31 and the Cancelation Theorem for ^-theory 14.61 implies the left arrow is a sta- 
ble weak equivalence. It follows from IflOl 9.6] that a homotopy cofiber of the right arrow is 
D. G D.(A A Spsck ) . By Corollary [72] we have 

Vi(^^,s P eci)o(X)) = <(X AG ra ,Z) ^<(I AG m ,Z), XGSm/k,p G Z. 

The proof of El 4.2] implies (X A G m , Z) = 0. So n G (A^ SpecJt ) is zero inHo(Pre s (Sm/ifc)), 
and hence po is a stable weak equivalence. The fact that each p„ is a stable weak equivalence is 
proved in a similar fashion. The only difference with po is that one iterates the S^S-construction 
at each step. 

We conclude that KGL A is a motivically fibrant bispectrum. Therefore, 

KGI/«(X+) = SH(k)(LZL7X + ,L?- q Z G KGL A ) - SH S> (k)(LZZ;X + ,LP- q (KGL A ) q ) 
- SH si (k)(L G ]L:X + ,Lr q WK(-)) = K 2q - P (X), 
as was to be shown. □ 

Lemma 7.8. Let k be a perfect field. Then the bispectrum A$ peck is isomorphic in SH(k) to 
fo(KGL). 

Proof. It follows from Corollaries 17.31 17.41 and Lemma \5A\ that As pec k is in SH e "{k). Then 
map (fT3l of bispectra % : As vec k — > KGL. factors as 

A Speck ^ fo(KGL) ^ KGL. 

For any X G Sm/k and any p G Z the induced map 

^■.SH(k)(L^L:X + ,^MKGL))^SH(k)(LZKX + ,^KGL) 

is an isomorphism by construction of fo(KGL). On the other hand, Theorem 17.71 implies the 
induced map 

X, : SH(k) (Z£Lrx+,Lf A Speck ) ->SH(k)P&ZX+,Z?KGL) 
is an isomorphism, and hence so is 

0* : SH(k)(I.^7X + ,^A Speck ) 5^(/:)(L^ + ,Sf/o(^GL)). 
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Since generate the compactly generated triangulated category SH e ^(k), we conclude 

that 6 is an isomorphism in SH (k). □ 

The following result gives an explicit model for the non-negative part of the slice tower of 
the bispetrum KGL. 

Theorem 7.9. Let k be a perfect field. Then the tower dill) of bispectra in SH(k) 

' ' ' ^ ^Speci: ^ ^s^Jg^Speci: ^ ' " ' ^ ^Spec£ 

jj isomorphic to the tower 

■ ■ ■ -> (*GL) -> /, (*GL) -)• • • • -> / (*GL). 
Proof. By Lemma I7T81 there is an isomorphism : Aspect — > fo(KGL) in SH(k). Suppose 
an isomorphism d q : EfE^jAspec* — fq{KGL), q ^ 0, is constructed. Since rf +1 £^ +1 As P ec/(: £ 
Y^ X SH(k) and s q {KGL) is orthogonal to Eg + SH(k), it follows that there is a unique morphism 

: ^ +1 rg +1 A Sp eci — >■ fq+l (KGL) 



making the diagram 



y q+l y q+l A y q y q a 

Ms '-'Q ^SpecA: A? ^g^Spec A: 



fq+i(KGL) >■ f q (KGL) 

commutative. We claim that 6 q+ i is an isomorphism in SH(k). 

By Theorem 14.71 and Corollary 17.31 a homotopy cofiber of the upper horizontal arrow is 
rfr^A ,s P ec/t- Therefore, 

SH(k)(L q G +1 LZKX + ,^ q G Ao,s peck ) = SH(k)(L G LZI.7X + ,LPAo, Speck )^H^(XAG m ,Z) 

for any X G Sm/k and integer p. The proof of Theorem 17.71 shows that (X A G m ,Z) = 0, 
and hence f q+l (^L q G A ^ Spsck )) = 0. 

Since f q+ \(s q (KGL)) = 0, we see that the horizontal arrows of the commutative diagram 

/^+l(Ef +1 r^ +1 Aspec*:) " /g+l(£f£|jAspecfc) 



fq+lW 



f q+l (f g+1 (KGL)) f q+l (f q (KGL) ) 

are isomorphisms. But f q +i(d q ) is an isomorphism, and hence so is f q +i(d q +i). Lemma 171? 
implies lf' +l L G +l As pe ck is in L G +l SH(k). Since f q+ \(KGL) belongs to L G +l SH(k) as well and 
f q +i(6q+i) is an isomorphism, we conclude that 6 q+ i is an isomorphism. □ 

One of the equivalent models for the motivic Eilenberg-Mac Lane bispectrum H% is as fol- 
lows. Let Cor be the ringoid of finite correspondences over Sm/k (see, e.g., EH). The cube 
of sheaves Cor(—,G^") is defined similar to the cube Kq(s$(—,Y x G^")). Its vertices are 
sheaves Cor(— ,G* k ), k ^ n. By definition, 

H z = {EM(Cor(-, Spec k)),EM(C®Cor(-,G^ )),...), 

where EM stands for the Eilenberg-Mac Lane functor in the sense of [5, Appendix A] from 
abelian groups to Sp L . 
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The composite map of ringoids 

K A K® -> Cor 

(see [20l|27| for the definition of the second arrow) yields a map of bispectra 

A : Ao ; Specit — > #z- 

The proof of Theorem l4.7l and Corollaries 17 .211731 shows that A is an isomorphism in SH(k). 

The next result was first conjectured by Voevodsky |[24l 1251 and solved by Levine lTT5l by 
using the coniveau tower (over perfect fields). 

Theorem 7.10. Let k be a perfect field. Then for every q Owe have isomorphisms in SH(k) 

s q (KGL)^L^ G H z . 

Proof. The proof of Theorem 17 .91 shows that there is a commutative diagram in SH(k) 

y«+ly«+l a ^ v9v9 a . v9y? a ^y?+2y?+l.« 

£j S £-<q siSpeck ^s^Q^Speck MJ^([« i 0,Spec& ^Spec^: 



"q+l 



f q+l (KGL) f q (KGL) s q {KGL) L s f q+l (KGL), 

where the vertical arrows are isomorphisms. Since SH(k) is triangulated, then there exists an 
isomorphism 

^L q G A 0jSpeck = s q {KGL). 

It remains to observe that A : Ao.spec/t — > Hz induces an isomorphism rfr^Ao.spec/t — ^s^qHz 
in SH(k). □ 

Let &{Gm q )(X) be the additive category whose objects are the tuples (P, 6i,...,6 q ) with 
P £ &(X) and . . . , 6 q ) commuting automorphisms. The cube of affine schemes Gm q gives 
rise to a cube of additive categories £P(G m 9 )(X) with vertices being &(G%, q )(X), ^ k ^ q. 
The edges of the cube are given by the additive functors i s : #(G^ t_1 )(X) -4 #(G**)(X) 

(P.C©!,....^-!)) J »-(/»(0i J ...,l,...,Qt-l)), 

where 1 is the 5th coordinate. 

Grayson's machinery ifTOll (see |[27l l5l as well) produces a tower in Ho(Pre^ is (Sm/k)) 

.■•-»• I^ Gr (C®#(G^)(- x A'))| -4 ••• -> |£ Gr (#(- x A-))|. (15) 
This tower produces the Grayson motivic spectral sequence for &(X) (see lfT0ll2"0ll27l l5Tl) 

E 2 = H^ q (X,Z Gr (-q)) =5> K^ q {X), X € Sm/k. (16) 
In view of Theorem 17. H it takes the form 

E 2 = H V q ( X ^) => K- p - q (X), X G 5mA. 
We are now in a position to prove the main result of the paper. 

Theorem 7.11. Let k be a perfect field. Then the Grayson motivic spectral sequence (1161 ) is 
isomorphic to the Voevodsky motivic spectral sequence J3j p. 171] 

E? = SH(k)(LZKX + ,Lr q L q G s (KGL)) => K^ q (X), 

produced by the slice tower for the bispectrum KGL. 
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Proof. Recall that there is an additive functor Gx '■ si {X, Speck) — > &(X), functorial in X, 
which is an equivalence whenever X is affine. It induces a map of multisimplicial additive 
categories 

G qX : C®^(X,Spec£)(G„ A <7) -> C®#(G^)(X), 
which is an equivalence whenever X is affine. In view of (Slut) -property for si ', we can identify 
^(X,Specjt)(G^) with s/(X, Spec k x G^). 

It follows that Grayson's tower (PT5T ) for &(X) is isomorphic in Ho(Pre% is (Sm/k)) to Grayson's 
tower ([6]> for s/ (X, Speck). Corollary 17.21 and Proposition 17.51 imply that Grayson's motivic 
spectral sequence (fTBT ) is isomorphic to Grayson's motivic spectral sequence (0 for s/ 

E{ q = Hl~ q '~ q (X,Z) =>■ K^ p _ g (X, Speck), X e Sm/k. 
Theorems 14.71 17.91 17.10l now finish the proof. □ 

To conclude the paper, we remark that all presheaves of symmetric spectra forming the main 
bispectra As pcc k,Ao. Speck we work with are K-modules in the sense of [0. Moreover, their 
structure maps are K-module morphisms. Also, Grayson's tower © for s/ is in fact a tower 
in the homotopy category Ho(ModK) of K-modules. It produces a tower of compact objects 
in the motivic homotopy category of K-modules in the sense of Q. This point of view to the 
motivic spectral sequence motivated the authors to develop the "enriched motivic homotopy 
theory" of spectral categories and modules over them 0[6]]. As an application, the motivic 
spectral sequence is realized in associated triangulated categories. Though we tried to avoid the 
use of this language here, it is this theory that led the authors to the main results of this paper. 
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